Elasto-plastic constitutive models for the undrained strain softening behavior of normally consolidated clays and mud rocks are proposed by using the non associated flow rule. Parametric studies are performed on three proposed yield functions to examine the applicability and limitation of the models. The simulated strain softening behavior is compared with the undrained triaxial compression test results for alluvial clay and diatomaceous mud rock. It is concluded that one of the proposed models is appropriate for the simulation of undrained stress strain relations taking account of the strain softening behavior.
INTRODUCTION
The maximum shearing strength of soil is generally used when examining the stability of soft ground by the total stress method (ju=0 method), and it is assumed that it develops simultaneously in the whole sliding surface. On the other hand the shearing stress in the ground calculated by stability analysis is different at each point of the sliding surface. In such cases, and if the soil exhibits a strain softening behavior, it is thought to be rational to examine the stability of the ground using the residual strength if the shearing stress on the sliding surface exceeds the maximum shearing strength.
Also, in consolidated undrained triaxial test, there are cases where the maximum of deviatoric stress is different from that of stress ratio. It is said that the maximum of deviatoric stress coincides with the maximum of stress ratio if the specimen could be completely saturated by using back pressure, but there are some experimental reports denying this assertion, as shown in this report1),2),3),4), 5) In fact, it is found that after the deviatoric stress arrives at the maximum, it decreases afterwards while the stress ratio increases. This is called strain softening behavior6),7),8).
Adachi et al developed a modified Adachi-Oka's elasto plastic constitutive model which can describe not only strain-hardening-softening behavior but also dilatancy characteristics9). Based on a new volumetric strain dependent potential function, this model exhibits a positive dilatancy in the post peak area of the undrained triaxial shearing test result for rock. In order to describe some aspects of the mechanical behavior of highly structured soils, Asaoka et al introduced the superloading yield surface concept to the original Cam Clay model. In the constitutive modeling, a new critical state parameter is adopted to give the watershed of the stress domain for hardening and softening10). This model is capable of predicting softening below the critical state line with plastic volume compression. Hashiguchi et al formulated the elasto plastic constitutive equation based on the subloading yield surface concept11),12). This model can also predict the strain-hardening-softening behavior of soils. These three typical soil models which can describe the undrained softening behavior, adopt the associated flow rule and need several special soil constants. 
SAMPLES AND EXPERIMENTS
The alluvial clay samples were obtained from Moriya, Ibaraki, which is located in the alluvial low land along the Kokai River. The soft ground consists of a 0-7 m peat layer and a 7-14 m clay stratum. Undisturbed saturated normally consolidated clays were taken by foil sampling.
The diatomaceous mud rock of the late Tertiary Miocene Epoch accumulated in Suzu, Ishikawa is porous and of high water content, and is well known by its unique mechanical behavior 4). Two kinds of mud rock specimens are obtained from different positions and different depths.
Because the clay sample under low overburden pressure of 15 kPa is extremely soft, and the mud rock sample is trimmed with a knife, both undisturbed samples may have considerable influence of disturbances while made into specimens.
The undrained shear test (CU) is performed by the strain control method(strain rate of 0. 1%/min). The specimens, 5cm diameter and 12cm high, with drain paper are consolidated under isotropic or Ko condition for 24 hours. During consolidation and shearing, back pressures of 98. 1 kPa is applied to clay and 490. 5 kPa is applied to mud rock and the volumetric strain time curves are measured to check 
TEST RESULTS AND DISCUSSION
Figures 1 and 2 show the undrained stress paths obtained from the consolidated undrained triaxial test using clay and mud rock, respectively. The clay samples were both isotropically and anisotropically consolidated. Strain softening behavior is observed with both clay and mud rock samples. For the isotropic consolidated clay sample, the deviatoric stress q in axisymmetric stress state finds its maximum at 60% of initial mean effective stress po (the prime which shows effective stress is omitted in this report), while stress ratio r=q/p increases afterwards and reaches the critical state. The dotted line in Fig. 1 shows the maximum deviatoric stress qp=j ppp at np=1. 20. Subscript p means the value of the peak deviatoric stress, while the maximum stress ratio at the critical state is M=1. 34. As shown in Fig. 2 , the stress ratio rj p of mud rocks at the peak deviatoric stress is not kept constant. Further experimental investigations are needed to rind the cause of this scattering.
The undisturbed clay or rock samples used for the experiment were very soft or hard, respectively, so that there is a possibility that the specimen had been considerably disturbed before the triaxial test. That may be the reason why the degree of the disturbance is large, and the axial strain, when the deviatoric stress is maximum, is 1-3% for clay and 3-4% for mud rock. Clear slip surface can be observed in all mud rock specimens after the shear test.
The degree of strain softening of the isotropically consolidated mud rock sample (Fig. 2) is larger than that of the clay sample.
In determining the constants of the constitutive model mentioned in Chapter 4, p and pp/po values of consolidated undrained triaxial compression test are used. The pp/po of mud rock sample A is about 0. 6, as well as of the clay sample, but that of mud rock sample B is 0. 52.
STRAIN SOFTENING BEHAVIOR AND NON ASSOCIATED FLOW RULE (1) Stress strain relation
The volumetric strain increment v and shear strain increment a of a soil element in triaxial loading, is the sum of an elastic and a plastic strain component, indicated by superscripts a and p, respectively, and expressed analytically by (1) where s p is the mean effective stress increment, and q is the deviatoric stress increment. In the course of determining the coefficient Cij of Eq. (1), a non associated flow rule is adopted in order to account for strain softening behavior. Specifically, considering a yield function F and a plastic potential Q, functions of q, p, the Cij of Eq.
(1) are given by (2) where H is the hardening plastic modulus, K is the elastic bulk modulus, G is the elastic shear modulus. Those three moduli are given by where po is a size parameter of the yield surface corresponding to initial void ratio e0, v is Poisson's ratio, and k is the swelling index.
The plastic potential Q consists of a rotated and distorted ellipse, shown by a dotted line in Fig. 3 , which becomes identical to the potential of the Modified Cam Clay model for isotropic consolidation. The degree of rotation and distortion depends on the degree of anisotropy, and is measured by an anisotropic variable a which enters the analytical expression proposed by Dafalias 16) 
where M is the slope of the critical state line. The anisotropic variable a is equal to zero for isotropically consolidated sample, while for one dimension consolidated sample, a is calculated in closed form by the coefficient of earth pressure at rest Ko16),17) The anisotropic variable a is introduced in the plastic potential, in order to bring the stress strain relationship of K a consolidated soil close to experimentally observed values.
For the yield function three models will be considered for comparison, all associated with the same plastic potential of Eq. (6) . The yield function of Model 1 is analytically expressed by F=q-mploge(p0/p)=0 (9) where m and n are constants and the corresponding yield surface is shown in Fig. 3 by a solid line.
If m=M and n=1, Eq. (9) agrees with the yield function of Original Cam Clay model 18), 19). Depending on the values of m and n, the top point of the yield surface may be located to the left or the right of the CSL, inducing strain hardening or strain softening response, respectively.
The yield surfaces of Model 2 and 3 for isotropically consolidated soil are shown in Fig. 4 by solid lines.
The yield surface is identical for both models when p>apo. Its shape is elliptical and lies to the right of a stress ratio value n=q/p=Nw, given analytically by FR=(1-a)2g2+a2Nw2((p-apo)2 -po(1-a)2)=0 (10) For p<apo, the yield surface of Model 2 is also elliptical and lies to the left of n=NW, given analytically by FL=b2g2+a2NW2(p-ap0)2 -a2b2N W2po=0 (11) Finally, the yield surface of Model 3 to the left of n =Nw is a straight line with equation
FL=q-NDp-q0=0 (12) where a, b, NW, ND and qo are constants controlling the shape of yield surfaces, and ND=Nw-(q/apo) in order to have the line of Eq. (12) passing through the same point on n=NW as that of Eq. (11) .
The case where the constants are a=b=112 and N=M in equations (10) and (11), and a=0 in Eq. (6), corresponds to that of an associated flow rule with the yield surface and plastic potential identical to Modified Cam Clay model. The corresponding stress strain relationship will be of the strain hardening type. This paper is mainly concerned with the simulation of stress softening behavior using a non associated flow rule for saturated normally consolidated soil, under the undrained shearing, during which the deviatoric stress reaches a maximum qp and subsequently diminishes while the stress ratio becomes maximum i(=M), i. e. at critical state. Soil constants A k, M, v and Ko are needed in common with these three models. Another constants are shown in Table 2 . Constants m and n in Model 1 are determined by the peak deviatoric stress of the undrained stress path as shown in Chapter 5.
Also NW, ND, a, b and qo depend on the observed undrained stress path but it is difficult to determine quantitatively.
(2) Strain softening behavior of the models Fig. S through Fig. 8 show examples of calculated effective stress paths and deviatoric stress axial strain relation in undrained triaxial test for isotropically and Ko consolidated soils, by the strain softening type elastoplastic constitutive models presented in the foregoing.
The constants used for the calculation are shown in the figures. Though strain softening behavior is calculated both in isotropic and Ko consolidated Table 2 Soil parameters used for the Models soil, the degree of strain softening of Model 1 and 2 is not so large. It is possible to simulate extremely large strain softening behavior, using a small yield surface that does not cross the critical state line CSL. On the contrary, the degree of strain softening by Model 3 shown with a dotted line in Fig. 7 and Fig. 8 is large. If the slope ND of yield surface FL in Eq. (12) is increased, simulation of large strain softening behavior is possible. However, as is shown in Fig. 7 , the behavior of effective stress path becomes unnatural and different from what it actually is, with its sudden straight-line change at the beginning of the softening process. Furthermore, if the shape of yield surface is drastically changed in order to control the degree of strain softening, it will not define realistically the range of elastic behavior of soil. These qualitative assertions define the problems and limitations of the constitutive models presented in this report.
SIMULATION OF UNDRAINED TRIAXIAL TEST
(1) Determination of soil constants The differential equation of the effective stress path in undrained shear test is obtained by setting the total volumetric strain increment a v in Eq. (1) equal to zero. This differential equation can then easily be integrated to yield the undrained stress path expression for Model 117).
q=mploge(p0p) (13) where 1. is the compression index. Eq. (13) can be used to specify model constants m and n from the experimentally measured values of pp, gp and rp=qp/pp at the peak of the undrained stress path. It suffices to set dq/dp=0, which together with Eq. (13) at qp, pp is solved to yield Table 3 Soil parameters used for the calculation *) void ratio at isotropic consolidated pressure, Moriya clay 98. lkPa, mud rock 1. 47(A), 2. 45(B) MPa m=n(1-x/2 )1plp1, n=1/loge (potpp) (14) Soil constants that are necessary for simulation of consolidated undrained triaxial tests, some of which were derived from results of consolidation tests, are shown in Table 3 . The Poisson's ratio v is assumed to have the values shown in Table 3 .
(2) Simulative capability of the model
The calculated undrained stress paths and deviatoric stress versus axial strain curves by Model 1 are shown in Fig. 9 and Fig. 10 for clay sample, in Fig. 11 and Fig. 12 for mud rock sample A, and in Fig. 13 and Fig. 14 for mud rock sample B . In the clay sample, some deviation from experimental data of the isotropically consolidated sample is observed, but the simulation results agree in general fairly well with test results.
The calculated undrained paths of mud rock sample A agree well with test results, but the deviation of calculated stress strain curve is large. In particular the maximum calculated deviatoric stress is reached at axial strain 2% or less, while the observed value of axial strain is as large as 3-4%. For the mud rock sample B, the calculated effective stress path is close to the observed one, but again a deviation from the data is observed for stress strain curve, which, nevertheless, is quite smaller than the one observed for mud rock sample A. For example, the result in Fig. 14 shows that the axial stress reaches its maximum value around 4% strain, and this is in agreement with data. It can be considered that the deviation of the calculated axial strain at the maximum deviatoric stress is influenced by the observed value of n p. On the figures the experimentally determined values of n and PI/PO are referred, based on which the values of m and n are calculated from Eq. (14) . Different sets of m and n values are used in the simulations. If one set of m and n values is used for each sample, taken as the average of the different sets, the simulation of the data will be less successful, but still within an acceptable range of deviation.
For Models 2 and 3, a straightforward approach to determine the constants as in the case of Model l via Eq. (14), has not been derived yet. If constant a of Eq. (10) for FR is made equal to pp/pa the deviatoric stress will be found larger than actually observed, which is known from the comparison of the yield function and Eq. (13) of effective stress path. Therefore, it was assumed that NW is equal to i P and the constant a was set a little smaller in order to make the calculated maximum deviatoric stress to agree with the observed one. In order to describe the large strain softening behavior, constant b was determined by the point where the ellipse FL touches the CSL. Also, constant No was decided on the condition that the residual strength agrees with observed value. The calculated results of effective stress path and deviatoric stress axial strain curve are shown by solid lines in Fig. 15 and Fig. 16 , as well as the observed ones by discrete symbols. The calculated results by Model 2 and 3 are identical till strain softening occurs, because FR is the same for both models. The solid line in Fig. 15 and Fig. 16 refers to Model 2, while the dotted line to Model 3. Because both models adopt an oval shaped yield surface FR, the axial strain at the maximum deviatoric stress is smaller than Model 1, and the gap with observed axial strain increases. Furthermore, because of the different FL, Model 2 cannot simulate large strain softening behavior.
Model 3 cannot reproduce realistic strain softening behavior till it reaches residual strength even if residual strength is made equal to observed one.
CONCLUDING REMARKS
The paper presents three elastoplasic constitutive soil models exhibiting strain softening behavior and evaluates simulative capability of the proposed model using the undrained triaxial test results of normally consolidated soils. It has been demonstrated that the calculated results of models using a non associated flow rule agree well with observed ones, if the degree of strain softening is small. Key to successful simulation is the use of anisotropic plastic potential for the case of one dimensional consolidation before undrained shear. Among the three kinds of yield functions, the strain softening behavior of Model 1, is based on the transformed yield function of Original Cam Clay, and yields the nearest to actual experiment results. Also, material constants contained in the constituti- 
